Learning Objectives

e Use antiderivatives to evaluate definite integrals

e Use the Mean Value Theorem for integrals to solve problems
e Use general rules of integrals to solve problems

Introduction

In the Lesson on Definite Integrals, we evaluated definite integrals using the limit
definition. This process was long and tedious. In this lesson we will learn some practical
ways to evaluate definite integrals. We begin with a theorem that provides an easier
method for evaluating definite integrals. Newton discovered this method that uses
antiderivatives to calculate definite integrals.

Theorem 4.1:

If f is continuous on the closed interval [a,b], then

_[baf(X)dXIF(b)—F(a),

where F is any antiderivative of f.

We sometimes use the following shorthand notation to indicate [baf(x)dx=F(b)-F(a):
[baf(x)dx=F(x)]ba.

The proof of this theorem is included at the end of this lesson. Theorem 4.1 is usually
stated as a part of the Fundamental Theorem of Calculus, a theorem that we will
present in the Lesson on the Fundamental Theorem of Calculus. For now, the result
provides a useful and efficient way to compute definite integrals. We need only find an
antiderivative of the given function in order to compute its integral over the closed
interval. It also gives us a result with which we can now state and prove a version of the
Mean Value Theorem for integrals. But first let’s look at a couple of examples.

Example 1:

Compute the following definite integral:

[30x3dx.
Solution:

Using the limit definition we found that I3ox3dx=814. We now can verify this using the
theorem as follows:

We first note that x4/4 is an antiderivative of f(x)=x3. Hence we have
[30x3dx=x44]30=814-04=814.

We conclude the lesson by stating the rules for definite integrals, most of which parallel
the rules we stated for the general indefinite integrals.



Jaaf(x) dx [ baf(x) dx [bak-f(x) dx [ ba[f(x) £g(x) ] dx [ baf(x) dx=0=-[abf(x) dx=K [ baf(x)dx=[b
af (x)dx# [ bag (x) dx= caf (x)dx+ [bef(x)dx where a<c<b.

Given these rules together with Theorem 4.1, we will be able to solve a great variety of
definite integrals.

Example 2:

Compute [2-2(x-x-—V)dx.
Solution:

[41(x-x—=V)dx=[41xdx~[41x-—V/dx=x22]41-23x32]41=(8-12)-23(8-1)=152-143=
176.
Example 3:

Compute [0(x+cosx)dx.
Solution:

[r20(x+c0sx)dx=[0(x)dx=[0(c0sX)dxX=X22|[r20+sinx1||20=Tr28+1=Tr2+88.
Lesson Summary

1. We used antiderivatives to evaluate definite integrals.
2. We used the Mean Value Theorem for integrals to solve problems.

3. We used general rules of integrals to solve problems.

Proof of Theorem 4.1

We first need to divide [a,b] into n sub-intervals of length Ax=b-an. We

let x0=a,x1,X2,...,Xxn=b be the endpoints of these sub-intervals.

Let F be any antiderivative of f.

Consider F(b)-F(a)=F(xn)-F(xo0).

We will now employ a method that will express the right side of this equation as a
Riemann Sum. In particular,

F(b)-F(a)=F(xn)-F(x0)=F(xn)-F(xn-1)+F(xn-1)-F(xn-2)+F(xn-2)-...+F(x1)-F(x0)=)
n[F(xi)-F(xi-1)].

Note that F is continuous. Hence, by the Mean Value Theorem, there

exist Ci€[Xi—Xi-1,Xi]

such that F(xi)-F(xi-1)=F'(ci)(xi—xi-1)=f(ci) Ax.

Hence

F(b)-F(a)=)1nF"(ci) (xi-Xi-1)=).1nf(ci) AX.
Taking the limit of each side as n—oo we have



limn- «[F(b)-F(a)]=limn- « 1nf(ci) AX.
We note that the left side is a constant and the right side is our definition for [baf(x)dx.
Hence

F(b)-F(a)=limn- ) 1nf(ci) AX=_[baf(X) dx.
Proof of Theorem 4.2

Let F(x)=/xaf(x)dx.

By the Mean Value Theorem for derivatives, there exists c€[a,b] such that
F'(c)=F(b)-F(a)b-a.

From Theorem 4.1 we have that F is an antiderivative of f. Hence, F'(x)=f(x) and in
particular, F'(c)=f(c). Hence, by substitution we have

f(c)=F(b)-F(a)b-a.

Note that F(a)=Jaaf(x)dx=0. Hence we have

f(c)=F(b)-0b-a=F(b)b-a,

and by our definition of F(x) we have

f(c)=1b-aF(b)=1b-a/baf(x)dx.

This theorem allows us to find for positive functions a rectangle that has base [a,b] and
height f(c) such that the area of the rectangle is the same as the area given

by [baf(x)dx. In other words, f(c) is the average function value over [a,b].

Review Questions

In problems #1-8, use antiderivatives to compute the definite integral.

. Joa(3x-—V)dx

. Jro(t-t2)dt

. [s2(1x-—V+12-V)dx

. J104(x2-1)(x2+1)dx

. [s2(4x+x2+x)dx

. Jaz2(e3x)dx

. a12x+3dx

Find the average value of f(x)=x--V over [1,9].

If f is continuous and [41f(x)dx=9, show that f takes on the value 3 at least once on the
interval [1,4].

10. Your friend states that there is no area under the curve of f(x)=sinxon [0,21] since he
computed IZnosinXdX=0. Is he correct? Explain your answer.
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