Learning Objectives

A student will be able to:

e Compute by hand the integrals of a wide variety of functions by using the Trigonometric
Integrals.

o Combine this technique with u—substitution.
Integrating Powers of Sines and Cosines

In this section we will study methods of integrating functions of the form

fsinmXCOSnxdx,

where m and n are nonnegative integers. The method that we will describe uses the
famous trigonometric identities

sin2x=12(1-cos2x) and
cos2x=12(1+cos2x).
Example 1:

Evaluate [sinzxdx and coszxdx.
Solution:

Using the identities above, the first integral can be written as

[sinzxdx=[12(1-cos2x)dx=12f(1-cos2x)dx=12(x~12sin2x)+C=x2-14sin2x+C.
Similarly, the second integral can be written as

Jcoszxdx=[12(1+cos2x)dx=12(1+cos2x)dx=12(x+12sin2x)+C=x2+14sin2x+C.
Example 2:

Evaluate cossxdx.
Solution:

[cosaxdx=](cos2x)2dx=(12(1+cos2x))2dx=14f(1+2cos2x+cos22x)dx=14[(1+2co
s2x+12+12cos4x)dx=14f(32+2cos2x+12cos4x)dx.
Integrating term by term,

=14[32x+sin2x+18sin4x]+C=38x+14sin2x+132sin4x+C.
Example 3:

Evaluate [sin3xdx.
Solution:

[sinsxdx=|sinzxsinxdx



Recall that sinzx+cos2x=1, so by substitution,
=[(1-cos2x)sinxdx=[sinxdx- | coszxsinxdx.

The first integral should be straightforward. The second can be done by the method
of u-substitution by letting u=cosx, so du=-sinxdx.The integral becomes
=-cosx-J [-uzsinxdusinx]=-cosx+ [uzdu=-cosx+u33+C=-cosx+13cos3x+C.

If m and n are both positive integers, then an integral of the form

[sinmxcosnxdx
can be evaluated by one of the procedures shown in the table below, depending on

whether m and n are odd or even.

[sinmxcosnxdx ~ Procedure Identities
n odd Let u=sinx cos2x=1-sin2x
m odd Let u=cosx sin2x=1-cos2x

n and m even Use identities to reduce powers  Sinzx=(1/2)(1-cos2x)
cosz2x=(1/2)(1+cos2x)

Example 4:

Evaluate Isinsxcos4xdx.
Solution:

Here, m is odd. So according to the second procedure in the table above,

let u=cosx, so du=-sinx. Substituting,
[sin3xcosaxdx=[u4sin3x-1sinxdu=-[u4sinzxdu.

Referring to the table again, we can now substitute sin2x=1-coszxin the integral:
=—fu4(1-coszx)du=-fus(1-uz2)du=[(-us+us)du=-15us+17u7+C=-15cossx+17cos
7x+C.

Example 5:

Evaluate fsin4xcos4xdx.
Solution:

Here, m=n=4. We follow the third procedure in the table above:
[sinaxcosaxdx=(sin2x)z(coszx)2dx=[[12(1-cos2x)]2[12(1+cos2x)]2dx=116f(1-c
0s22x)2dx=116]sin42xdx.

At this stage, it is best to use u-substitution to integrate. Let u=2x, so du=2dx.
[sinaxcosaxdx=132sinsudu=132](sinzu)2du=132[[12(1-cos2u)]2du=132(38u-1
4sin2u+132sin4u)+C=3256x-1128sin4x+11024sin8x+C.

Integrating Powers of Secants and Tangents



In this section we will study methods of integrating functions of the form

[tanmxsecnxdx,
where m and n are nonnegative integers. However, we will begin with the integrals

[tanxdx
and

[secxdx.
The first integral can be evaluated by writing

[tanxdx=[sinxcosxdx.

Using u—substitution, let u=cosx, so du=-sinxdx. The integral becomes
[tanxdxdu=[sinxu-1sinx=-1udu=-In|u|+C=-In|cosx|+C=In(1/|cosx|)+C=In|secx
|+C.

The second integral fsecxdx, however, is not straightforward—it requires a trick. Let
Isecxdx=fsecxsecx+tanxsecx+tanxdx=fsec2x+secxtanxsecx+tanxdx.

Use u-substitution. Let u=secx+tanx, then du=(seczx+secxtanx)dx, the integral
becomes,

[secxdx=[duu=In|u|+C=In|secx+tanx|+C.

There are two reduction formulas that help evaluate higher powers of tangent and
secant:

[secnxdx[tanmxdx=secn-2xtanxn-1+n-2n-1Jsecn-2xdx,=tanm-1xm-1-[tanm-2xdx.
Example 6:

Evaluate [sec3xdx.
Solution:

We use the formula above by substituting for n=3.
[secsxdx=secxtanx3-1+3-23-1[secxdx=12secxtanx+12[secxdx=12secxtanx+121
n|secx+tanx|+C.

Example 7:

Evaluate [tansxdx.
Solution:

We use the formula above by substituting for m=>5.

[tansxdx=tan4x4-[tan3xdx.

We need to use the formula again to solve the integral Itan3xdx:
[tansxdx=tan4x4-[tansxdx=tan4x4-[tanzx2- [tanxdx]=14tan4x-12tanzx-In|cosx|
+C.

If m and n are both positive integers, then an integral of the form



[tanmxsecnxdx
can be evaluated by one of the procedures shown in the table below, depending on
whether m and n are odd or even.

[tanmxsecnxdx Procedure Identities
n even Let u=tanx seczx=tan2x+1
m odd Let u=secx tanzx=sec2x-1
m even Reduce powers of secx tanzx=sec2x-1
n odd

Example 8:

Evaluate [tanzxsecsxdx.
Solution:

Here n=4 is even, and so we will follow the first procedure in the table above.
Let u=tanx, so du=sec2xdx. Before we substitute, split off a factor of seczx.
[tanzxsecaxdx=tanzxseczxseczxdx.

Since secz2x=tanzx+1,

= [tanzx(tanzx+1)seczxdx.

Now we make the u—-substitution:

= [uz(uz+1)du=15us+13u3+C=15tansx+13tan3x+C.

Example 9:

Evaluate ftan3xsec3xdx.
Solution:

Here m=3 is odd. We follow the second procedure in the table. Make the

substitution, u=secx and du=secxtanxdx. Our integral becomes
[tansxsecsxdx=tanzxseczx(secxtanx)dx=[(seczx-1)seczx(secxtanx)dx=J (uz-1)uz
du=15u5-13u3+C=15secs5x-13sec3x+C.

Review Questions

Evaluate the integrals.

1. [cossaxsinxdx

2. [sin25ddd

3. [sin22zcos32zdz
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[sinxcos(x/2)dx

[secaxtanzxdx

[tansxsecxdx

ftanx————\/ sec4xdx

[r/20tansx2dx

Graph and then find the volume of the solid that results when the region enclosed

by y=sinx,y=cosx,x=0, and Xx=m/4 is revolved around the X—axis.

a. Prove that [cscxdx=-In|cscx+cotx|+C

b. Show that it can also be written in the following two
forms:[cscxdx=In|tan12x|+C=In|cscx-cotx|+C.



