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7.4 Trigonometric Integrals

1. Let u = cosx. Then du =−sinx dxx.

∫
cos4 xsinx dx =−

∫
u4 du

=−u5

5
+C

=−cos5 x
5

+C

2. Let u = 5ϕ. Then du = 5dϕ.

∫
sin2 5ϕdϕ =

1
5

∫
sin2 u du

=
1
5

∫ 1
2
(1− cos2u)du

=
1
10

(
u− 1

2
sin2u

)
+C

=
1
10

(
5ϕ− 1

2
sin(2×5ϕ)

)
+C

=
1
2

ϕ− 1
20

sin(10ϕ)+C

3. Let u = sin2z. Then du = 2cos2z dz.

∫
sin2 2zcos3 2z dz =

∫
sin2 2zcos3 2z(1− sin2 2z)dz

=
∫

sin2 2zcos2z dz−
∫

sin4 2zcos2z dz

=
1
2

∫
u2du− 1

2

∫
u4du

=
u3

6
− u5

10
+C

=
sin3 2z

6
− sin5 2z

10
+C

4.

∫
sinxcos

( x
2

)
dx =

∫
2sin

( x
2

)
cos
( x

2

)
cos
( x

2

)
dx

=
∫

2cos2
( x

2

)
sin
( x

2

)
dx

Let u = cos
( x

2

)
. Then du =−1

2 sin
( x

2

)
dx.
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∫
2cos2

( x
2

)
sin
( x

2

)
dx =−4

∫
u2du

=−4u3

3
+C

=−4
3

cos3
( x

2

)
+C

5. Let u = secx. Then du = secx tanx dx.

∫
sec4 x tan3 xdx =

∫
tan2 xsec3 x(secx tanx)dx

=
∫
(sec2 x−1)sec3 x(secx tanx)dx

=
∫

sec5 x(secx tanx)dx−
∫

sec3 x(secx tanx)dx

=
∫

u5du−
∫

u3du

=
u6

6
− u4

4
+C

=
sec6 x

6
− sec4 x

4
+C

6.

∫
tan4 xsecxdx =

∫
(sec2 x−1)(sec2 x−1)secx dx

=
∫
(sec5 x−2sec3 x+ secx)dx

=
sec3 x tanx

4
+

3
4

∫
sec3 x dx−2

secx tanx
2

−2× 1
2

∫
secx dx+ ln|secx+ tanx|+C

=
sec3 x tanx

4
+

3
4

(
secx tanx

2
+

1
2

∫
secx dx

)
−2

secx tanx
2

− ln|secx+ tanx|+− ln|secx+ tanx|+C

=
sec3 x tanx

4
− 5secx tanx

8
+

3
8

ln|secx+ tanx|

7.

∫ √
tanxsec4 x dx =

∫
tan

1
2 xsec4 x dx

=
∫

tan
1
2 x(tan2 x+1)sec2 xdx

=
∫ [

tan
5
2 xsec2 x+ tan

1
2 xsec2 x

]
dx

Let u = tanx. Then du = sec2 x dx.
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∫ [
tan

5
2 xsec2 x+ tan

1
2 xsec2 x

]
dx =

∫
u

5
2 du+

∫
u

1
2 du

=
u

7
2

7
2

+
u

3
2

3
2

+C

=
2tan

7
2 x

7
+

2tan
3
2 x

3
+C

8. Let u = x
2 . Then du = 1

2 dx. If x = 0, then u = 0. If x = π

2 , then u = π

4 .

π

2∫
0

tan5
( x

2

)
dx =

π

4∫
0

2tan5 u du

=
2tan4 u

4

∣∣∣ π

4

0
−2

π

4∫
0

tan3 u du

= 2

( √
2

2

)4

− 2tan4 u
2

∣∣∣ π

4

0
+2

π

2∫
0

tanu du

=
8
16
−

( √
2

2

)2

−2ln|cosu|
π

4
0

=
8
16
−1−2ln

∣∣∣cos
(

π

4

)∣∣∣−0

=−1
2
−2ln

∣∣∣∣∣
√

2
2

∣∣∣∣∣
=−1

2
+ ln

∣∣∣∣42
∣∣∣∣

=−1
2
+ ln2

9.
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V = π


π

4∫
0

cos2 x dx−

π

4∫
0

sin2 x dx


= π

[
1
2

cosxsinx+
x
2

] π

4

0
−π

[
−1

2
cosxsinx+

x
2

] π

4

0

= π

[(
1
4
+

π

8

)
−
(
−1

4
+

π

8

)]
= π

(
1
2

)
=

π

2

10.

a.
∫

cscx dx =
∫

cscx cscx+cotx
cscx+cotx dx

Let u = cscx+ cotx. Then du = (−cscxcotx− csc2 x)dx.

∫
cscxdx =−

∫ 1
u

du

=−ln|u|+C

=−ln|cscx+ cotx|+C

b.

∫
cscx dx =

∫ 1
sinx

dx

=
∫ sinx

sin2 x
dx

=
∫ sinx

(1− cosx)(1+ cosx)
dx

Let u = cosx. Then du =−sinx dx.

237



7.4. Trigonometric Integrals www.ck12.org

∫ sinx
(1− cosx)(1+ cosx)

dx =−
∫ du

(1−u)(1+u)

=
∫ A

1−u
du+

∫ B
1+u

du

=−
∫ 1

2
1−u

du−
∫ 1

2
1+u

du

=
∫ 1

2
1− cosx

du−
∫ 1

2
1+ cosx

du

=
1
2
|1− cosx|−1

2
|1+ cosx|+C

=
1
2

∣∣∣∣1− cosx
1+ cosx

∣∣∣∣+C

= ln

√
1− cosx
1+ cosx

+C

= ln
∣∣∣tan

( x
2

)∣∣∣+C

OR

ln

√
1− cosx
1+ cosx

+C = ln

√
(1− cosx)
(1+ cosx)

· (1− cosx)
(1− cosx)

+C

= ln

√
(1− cosx)2

1− cos2 x
+C

= ln
∣∣∣∣1− cosx

sinx

∣∣∣∣+C

= ln
∣∣∣∣ 1
sinx
− cosx

sinx

∣∣∣∣+C

= ln|cscx− cotx|+C
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