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7.3 Integration by Partial Fractions

1.

1
x2−1

=
A

x+1
+

B
x−1

1 = A(x−1)+B(x+1)

Let x = 1.

1 = A(1−1)+B(x+1)

1 = B(2)
1
2
= B

Let x =−1.

1 = A(x−1)+B(−1+1)

1 = A(−2)

−1
2
= A

∫ 1
x2−1

dx =
∫ ( A

x+1
+

B
x−1

)
dx

=
∫ ( −1

2
x+1

+
1
2

x−1

)
dx

=−1
2

ln|x+1|+1
2

ln|x−1|

=
1
2

∣∣∣∣x−1
x+1

∣∣∣∣+C

2.

x
x2−2x−3

=
A

x−3
+

B
x+1

x = A(x+1)+B(x−3)

Let x = 3.

3 = A(3+1)+B(3−3)

3 = A(4)
3
4
= A
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Let x =−1.

x = A(x+1)+B(−1−3)

−1 = B(−4)
1
4
= B

∫ x
x2−2x−3

dx =
∫ 3

4
x−3

dx+
∫ 1

4
x+1

dx

=
3
4

ln|x−3|+1
4

ln|x+1|+C

3.

1
x3 + x2−2x

=
A
x
+

B
x+2

+
C

x−1
1 = A(x+2)(x−1)+Bx(x−1)+Cx(x+2)

Let x = 0.

1 = A(2)(−1)

−1
2
= A

Let x =−2.

1 = B(−2)(−3)
1
6
= B

Let x = 1.

1 =C(1)(3)
1
3
=C

∫ 1
x3 + x2−2x

dx =−
∫ 1

2
x

dx+
∫ 1

6
x+2

dx+
∫ 1

3
x−1

dx

=−1
2

ln|x|+1
6

ln|x+2|+1
3

ln|x−1|+C

4.
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∫ x3

x2 +4
dx =

∫
x dx−

∫ 4x
x2 +4

dx

=
x2

2
−2ln|x2 +4|+C

5.

1∫
0

φ

1+φ
dφ =

1∫
0

(
1− 1

1+φ

)
dφ

= [φ− ln|1+φ|]10
= 1− ln(2)

6.

x−1
x2(x+1)

=
A
x2 +

B
x
+

C
x+1

x−1 = A(x+1)+Bx(x+1)+Cx2

Let x =−1.

−2 =C(1)

−2 =C

Let x = 0.

−1 = A(1)

−1 = A

Pick any other value of x to find B.

x−1 = A(x+1)+Bx(x+1)+Cx2

2−1 =−(2+1)+B(6)− (2)(4)

1 =−3+6B−8

12 = 6B

2 = B
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5∫
1

x−1
x2(x+1)

dx =−
5∫

1

1
x2 dx+

5∫
1

2
x

dx−
5∫

1

2
x+1

dx

=−(−x−1)|51 +2ln|x||51−2ln|x+1||51

=
1
5
−1+2ln5+0−2(ln6− ln2)

=−4
5
+2ln5−2ln3

=−4
5
+2ln

5
3

7. Let u = sinθ. Then du = cosθ.

1
u2 +4u−5

=
A

u+5
+

B
u−1

1 = A(u−1)+B(u+5)

Let u = 1.

1 = B(1+5)

1 = 6B
1
6
= B

Let u =−5.

1 = A(−5−1)

1 =−6A

−1
6
= A

Then

∫ 1
u2 +4u−5

du =−
∫ 1

6
u+5

du+
∫ 1

6
u−1

du

=−1
6
(ln|u+5|−ln|u−1|)+C

=−1
6
(ln|sinθ+5|−ln|sinθ−1|)+C

=
1
6

ln
∣∣∣∣sinθ−1
sinθ+5

∣∣∣∣+C

8. Let u = eθ and du = eθdθ.
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∫ 3eθ

e2θ−1
dθ =

∫ 3
u2−1

du

Then

3
u2−1

=
A

u+1
+

B
u−1

3 = A(u−1)+B(u+1)

Let u = 1.

3 = B(1+1)

3 = 2B
3
2
= B

Let u =−1.

3 = A(−2)

3 =−2A

−3
2
= A

∫ 3
u2−1

du =
∫ −3

2
u+1

du+
∫ 3

2
u−1

du

=−3
2

ln|u+1|+3
2

ln|u−1|+C

=−3
2

ln|eθ +1|+3
2

ln|eθ−1|+C

9.

ln 4∫
−ln 3

1
2+ ex dx =

ln 4∫
−ln 3

1
ex(2e−x +1)

dx

=

ln 4∫
−ln 3

e−x

2e−x +1
dx

Let u = e−x. Then du =−e−xdx.
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ln 4∫
−ln 3

e−x

2e−x +1
dx =−

1
4∫

3

du
2u+1

=−1
2

ln|2u+1|
∣∣∣ 1

4

3

=−1
2

(
ln

3
2
− ln7

)
=

1
2

(
ln7− ln

3
2

)
=

1
2

ln
14
3

10.

1
a2− x2 =

A
a− x

+
B

a+ x
1 = A(a+ x)+B(a− x)

Let x = b.

1 = A(a+a)
1
2a

= A

Let x =−a.

1 = B(a− (−a))

1 = 2aB
1

2a
= B

∫ 1
a2− x2 dx =

∫ 1
2a

a− x
dx+

∫ 1
2a

a+ x
dx

=− 1
2a

ln|a− x|+ 1
2a

ln|a+ x|

=
1

2a
ln
∣∣∣∣a+ x
a− x

∣∣∣∣+C
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